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SUMMARY

The present study relates to the calculation of joint dis‘tribution of
full-sib pairs and parent-offspring pairs under full-sib and parent-offspring
mating systems by the generation matrix technique and also working out
the correlation of these pairs there from. The method is tedious in the
case of full-sib mating, but it is comparatively easier in the case of
parent-offspring mating, as the conditional probability ‘matrix in this case
can be easily generated. The correllation between full-sib pairs and
parent offspring pairs under full-sib and parent offspring mating systems
were calculated for ten gemerations of continued mating ‘of that
particular system of mating and the trend of the correlation was properly
interpreted,

'

I. INTRODUCTION

The problem of correlation between relatives under inbreeding
systems was studied by several authors such as Fisher [1] [2] Wright
[12], Haldane [5] [6], Kempthorne [8], Horner [7], Korde [10] and
others. Fisher, Wright and Haldane gave a general treatment of the
subject. Kempthorne and Horner worked with autosomal gene cases
under full-sib mating and parent-offspring mating respectively, but
Korde delt with sex-linked gene case. Most of these workers used
the generation matrix technique to evolve the joint distribution of
the relatives under different systems of inbreeding. In this paper a
study of correlation by generation matrix method with particular
reference to full-sib mating and parent offspring mating under
autosomal gene case is made.

2. FuLL-SIB MATING

Fisher [2] was the first worker, who derived the generation
matrix for full-sib mating by considering a single locus with two
alleles ‘4’ and ‘@’, However, he considered only the mating types




36 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS

and did not make any distinction between the kinds of matings such

as AAXAA and aaxaa. Kempthorme [8] however using the same

methcd for continued full;sib- mating. system -employed “kind - of -
matings rather than types, viz. mating types AAXAA was considered

different from the kind of mating aaxaa. But he did not make any

difference between mating types AAXAA and AaxAA as well as

Aaxaa and aaxAa. Hence all the nine kinds of mating types, viz.

AAxAA, AAxAa, AAxaa, AaxAA; AaxAa, Aaxaa, aaxAA, aaxAa;

aaxaa are considered in'this investigation. Let-the frequencies in the

- initial generation be denoted by U(%)’s as;shown in table one.

" TABLE 1
Bgfgzg.{ Freg, | - Full-sib matiné:type_s”wf'fh.respgc;ive propart,i@ ) .
Adxad: UP . .(.AA.Xf.iA)_;. |
. Adxda - UP, , (AA1 7<AA) (A.% l>;Aa) (Aa>I<AA) (Aax/ f")
AAxaa . Ul (Aa.,;ﬁdq)i

daxds  Of  AAXAD: UdxAD, (daxdd), (axda)
(UAXAA), (4A X 40D, (400, (a3 44), (Aa o)
1/16 18 16 18, 14

{
AaxAa vip (4ax aa), (aax AA) (aax Aa), (aax aa) =
us, 11s. 1. 1/16

Aaxaa UG (Aa 7 Aa); (Aa1>; aa) (aa1 >/<4Aa) aa 74aa)
aax AA U‘,‘g’.:- (A_t_l?;A.q) |

aaxAa  UQ (Aai>;f§), (4@;;?); (aa;; fa}, (aa ;</ ;a) '
aaxad . | Ui . (a'a_->i§ ‘m.l)g

We can write.down the frequencies in-;-the next. generations;

U(l)_ U(0)+ & (0)_|_ & U(u)+ s U(u)
(1)_ & U(o)+ % U(o) 3 .

U‘% =1 16 (0)+ i (ﬂ)+ 1 U(o)+ U(B)
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which can be expressed in the matrix form as:—

F rUé;"qr'I%O“i-%-OOOO Fuz‘g’
Uiy 0 £ 0 % % 0 0 0 O Uy
Uy 0 0 0 0 0 0 0 0 U
J
Uy 0t 0 % % 0 0 0 O Uy
uf |=| o 2 1 1 % 3 1 % o U
Uiy 0 0 0 0 % % 0 1 o Uy
U 0 0 0 004 0 0 0 0 Uy
| e 00 0 0 % % 0% o || vW
i .
!
Uy oooo—liioiltr“”
E i 0 _J '.. 16 | _l 00 )
:k U(l) - A U(o)
where 4 is called the géneration matrix for full-sib mating.
1)
Denoting the. vector of frequencies for the n® generation as
U™ the recurrence relation for the vector of frequencies is given by
U(n) A(n) U(o)
— = = ) "‘(1)
where :
ver [ vR Ul vl U UR Ul Up Ul ]
and. '
g ={ vl vy Ul vy v Uw Uy o Ui ]
— Hence the frequencies in the #** generation can be worked out if

‘ one knows the Matrix 4 as well as the initial vector U, However,
; o when 4 is of large order and # is also large, it may not be easy to
| obtain 4" by direct multiplication, In such cases A™ is- calculated
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with the help of diagonalisation. Consider a single locus with two
alleles ‘4> and ‘@ with proportions p and ¢ (=1—p). Then U the
vector of frequencies of the mine mating types under random mating
population in equilibrium would be U =[p* 2p% p%¢® 2p%q 4p°¢®
2pq® p%q% 2pg® q*]. Now the vector of frequencies of the full-sib pairs

from this nine matings can be obtained as U =4 U,

The column vector of the frequencies of the full-sib pairs after
the first generation of full-sib mating can be obtained in a similar

manner as U®=4UW

UH= pa(I+pg) | o= |

Hence the joint distribution (correlation table) of full-sib. pairs .

2 et |
1184_ (1+3p+p?
Pq.

TG (1+pg)
’%(1+3P'+p2)

4

1 (3+pg)

"’81 (1+3g+4%)

pq

T6 (1-+pq)

B (143044

11 (1+8g+642+4%)
. 16 )

after the ficst generation of full-sib mating is written as in table 2.
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TABLE 2

Correlation table for full-sib pairs after the first generation of full-sib‘mating

SIB-IT
AA Aa aa Total
A Erspreppy | B 1430409 | T (+p0) £ a+3p)
SI B-1
Aa == (1+3p+p’) p—: (3+p9) P% (1+39+4¢% —2— pq
24 ra y | 4 s | 4
aa ¢ A+pa). 3 (+3g+4) | 15 (1+8¢+64"+4°) 1 (1+3q)
ya 3 4
Total 7] (1+3p) > Pd 7) (1+39) 1

The correlation coefficient between full-sib pairs after first
generation of full-sib mating is worked out directly from the correla-
tion table assuming additive genic effects as

griv =0.600
F.S. :

Similarly the correlation table for full-sib pairs after the 274,
3r4...etc, generations of full-sib mating are worked out. The correla-
tion coefficient of full-sib pairs in first ten generations of full-sib
mating is as given in table 9.

2.2. Parent-Offspring Correlation Under Full-Sib Matmg

 The joint dls’mbutlon of parent and offspring after the first
generatlon of full-sib mating with single locus with two alleles ‘A’
and ‘@’ with proportion p and ¢ (=1—p) can be obtained by pairing
out of the parents with an- offspring obtained from a respective
mating out of nine types of full-sib mating, whose frequencies are
given by the elements of the vector U™ as in table 3.
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TABLE -3

Correlation table for parent-offspring pairs after the first
generation - of full-sib mating

Offspring
AA Aa aa Total
2L : .
AA 7 (1+p) 3 Pg 0 P
Parent
Aa %q" (1+2p) pq ’LZ—: (1+29) 2pq
g
aa 0 tpq’ - (+a) a
A 3 a4 .
Total 1 4 (1+3p) > P4 o) (1439 1

Hence the correlation coefficient S™ p—o between.parént and
offspring after the first generation of full-sib mating is obtained
directly from the correlation table assuming the additive genic

effect a

s

S p—0=0,670

In a similar manner we can find the joint distribution and
correlation of the parents and offspring pairs after the second
generation of full-sib mating by using the vector of frequencies
U™ of the second generation of full-sib mating as in table 4.

TABLE 4 .

Correlation table of parent and offspring for the second

generation of full-sib mating.

Offspring
AA Aa aa Total
- 4
.44 [ Za+spepy | B+ (o L (1+3p)
Parent 3 a 3
pq =S Pq 3
Aa —4—(l+p) 1P 3 (1+49) 5> Pa
aa |0 B a+29) | La+seraey | —f (W+30)
5 : )
Total %(3+5p) P %(3+5q) 1

The correlation S"? p—o between parent and offspring in this
case is calculated directly by assuming additive genic effects as

S"z’p—o='0.762 :
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Similarly the joint: distribution. and the correlation coefficient

for the parent and offspring for the 3rd, 4th...etc. generations of

full-sib mating can be worked out. The correlation coefficient
between parent and .offspring upto ten generations of full-sib mating
are as given in 'table 9. :

-3 Parent-oﬂ‘sprmg Matmg

There aré two types of parent-oﬁ'sprmg maung systems. In
one, a fixed sire is mated repeatedly to his daughter, grand daughter,
great grand daughter etc. were as in the other, each individual is
mated successively ‘with his (her) youngest parent and with his (her)
offspring. Horner [7] obtained the complete generation matrix of
parent-offspring mating of the latter type, by considering the nine
types of matings in the case of :single. locus with two. alleles. ; The
generation matrix in the case of first {ype of parent-offspring mating,
i.e. the mating between a fixed sire and his daughter, grand daughter
etc. can be.obtained from the table 5.

TABLE 5
Frequency of Mating Types for Parent-Offspring mating

: Proj;ortion of kinds of mating resulting
L . . . from a given kind of mating -
Kindsof | Designa- | ‘p.. 1 g ! if Hing

mating tion — D —
1 \ 2 } 3| 4 '5‘ 6( 7|8 ’ 9
AAXAA 1 U,‘;") 1 om0
R N S T TP
Adwaa 3 Sl -~ 1 — = e
Aax AA 4 U{g)- i S - —
Aax Aa 5 o - - — r 33— -
AaXaa 6 Uiy — = __. — 3 P - =
. aaXAfiﬂ 7' o U{,‘;’ - - - = == = 1 -
aa%i&iaﬂ ' 8 o 'i]:‘,’l’):w ».—‘—_ I ~_— —_ _ 3 3
aakaa -~ 79 - Ul - - - — = = - — 1




42  JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS

Hence the generation matrix can be written as :

1 % 0 0 0 0 0 0 0

o 3+ I 0 0 0 0 0 0

¢ 0 0 0 0 0 0 o0 0

o 0 0 % %+ o o0 o0 O

A*= 0 0 0 ¥ } 3 0 o0 0
o 0 0 0 % % o0 .0 0O

o 0 0 0 0 O 0 0 O

0o 0 0 O 0 0 I % 0

o o o 0 o o o % 1]

With the help of this generation matrix the vector of frequencies
after n-th generation of parent-offspring mating can be calculated as
in (1) as y(n)*=4n (_](0)‘—(2)

3.1. Full-Sib Correlation ‘under Parent-Offspring Mating

As in the case of full-sib mating system, the parent offspring
mating system is also developed from the nine mating types from
the equilibrium random mating population. Now the vector of
frequencies U™* of the nine parent-offspring mating types can be
obtained as ;

U(”*=A* U
Thus we can write down

UMk=[p%,p%, 0 p°q; P4, P4,* 0, P42 4°]

Now the joint distribution of full-sib pairs under the first generation
of parent-offspring mating can be obtained by pairing offspring in
the first generation of the patent-offspring mating within each of
these nine mating types whose frequencies ‘are given by the vector

U™ as given in table 6,
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TABLE 6

Correlation table for the full sib pairs in the First Generation of
Parent Offspring Mating

SIB II
AA Aa ’ aa Total
2 y P4 L1 2
AA 16(1+7p+8p) g d+4p) 16pq 4 (1+3p)
Aa 281 (1+4p) ipq -%E (1+4q9) 2pq
- 1 . 4q NS
Sib1 aa —erq 3 (1+4q) 6 (1+7¢+8g% 2 1+39)
' . 3 -4,
Total 7y (1+43p) 2P 4 m (1+3{7) 1

Thus the correlation coefficient p-o r® F.S, between full-sib
pairs under the first generation of parent-offspring mating is obtained
directly by assuming additive genic effects as

p-o™ F.8.=0,600 ,

In a similar manner the column vector U @¥ of the frequencies of
the nine parent-offspring mating types in the "second igeneration
of parent oﬁ'sprmg can be obtained as

U(zw A" Uu)
Hence we can write down ,
U =[4p2(1+p) 1pg>0 2pg(1-+-2p) padpa(1+-24) 03pg*3p*(1+q)]

Now as in the previous case by pairing and pooling the frequencies
of respective full-sib pairs from the offspring the second generation
of parent-offspring mating, the joint distribution of full-sib pairs in
the 2nd generation of parent-offspring mating can be obtamed as
given in table 7. -
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TABLE 7

Correlation Table for Full-Sib pairs in the 2nd Generation of
Parent-Offspring Mating

SIB IT
AA Aa aa Total
P 5y P4 (g pq L2
AA 3 ( 1+5p+2p? 1.6(3+4p) 16 8' (3+5p)
Aa —‘lﬁ(3+4p) —S—pq -M(3+4q) ipq
16 - 8 - 16 4
pq rq 4. 2 9 (3.,
SIBI aa “¢ TACREL) 3 (1+59+24% g 3+59)
Total -—82-(3+5p) . %pq . %(3+5q) |

The correlation coefficient “p=o r* F.S. between full=sib pairs
after the 2-nd generation of parent-offspring mating is obtained
directly as p-o r'® F.8.=0.717

Similarly the joint distribution and correlation coefficient- for the
full-sib pairs in the 3rd, 4th. -. . etc. generations of parent-offspring
mating can be worked out. The correlation coefficient between full
" sib pairs upto ten generations of parent-offspring mating in given in
table 9. : ¢

3.2. Parent-Offspring Correlation under Parent-offspring Mating. '

It is seen from section 3.1 that the column vector of frequencies
of the parent-offspring pairs from- an equilibrium ‘random mating
population can be calculated as UM*¥, U®* ... for -the Ist, 2nd -etc.
generation of parent-offspring mating respectively. - Hence *we can
write down the correlation table of parent-offspring pairs-in the first
generation of parent-offspring mating as givae in table 8
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TABLE 8

Correlation Table between Parent -and Offspring pairs in the First -
Generation of Parent-Offspring Mating

Offspring
AA -Aa ‘ aa - Total
A4 3p'(1+p) ip’q 0 Pt
Parent Aa  ipq(1+2p) pq 1pa(1+2q) 2pq
aa 0 %’P(f 12*(1+p) q
" Total p(1+3p) 2 pe 19(1+39) 1

. The matrix p-ollm)( p-0) of conditional prbbabilities of parent-
offspring relationship after the first generation of parent-offspring
mating can be conveniently written down as function of Fand
T as

M (p-0)=3F+3T

1 o O p g O
whereF=| % 3 % |andT= . 3+ i
0 0 1 r q q

" Similarly from the correlation table of parent-offspring pairs
under ‘the second generation of parent-offspring mating omne:can

. . vess M(2)
write the matrix of condition probabilities p-o-( (p-o0) as

M2) ,
po® (o=t (+HF+@2 T
' : gres T Min)

In general the matrix of conditional proababilities p-o. " (p-0)
of parent-offspring relation in the n-th generation of parent-offspring -
mating can be obtained as -

o poy=l1—ayl F+ar T e
where n is the number of generation.

The joint distribution between parent and offspring in any
generation of parent-offspring mating can be obtdined from the matrix
of conditional probabilitiesiby multiplying the elemeats of the Ist,
2nd, 3rd rows by p? 2pq and g® respectively.
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The correlation between parent and offspring can be calculated
by using the technique explained by Li and Sacks [11] as

p-0"™ p-o=Cyrp+Cprp

where CF=I—(%)", Cr=(3)", rp=1 and rp=% (rp and rpare the
correlation coefficients, calculated from the two-way tables obtained
by multiplying the rows of F and T by (pz, 2pq and g* respectively)

Hence we get p-"™ po=1— )"+ (})" §=1—@)" —()

where n is the number of generations of parent-offspring mating. The
values of the correlation coefficients at the different generations of
mating can be obtained by putting n=0, 1,2,...efc. The correlation
coefficient between parent and offspring in ten generations of parent
offspring mating is given in table 9.

TABLE 9

Correlation between full-sib pairs and parent-offspring pairs in ten generations
of full-sib and parent-offspring mating systems

Full-sib mating system Parent-offspring mating system
Generation
Full _sib- Parem-o:ﬁfvpring Ij‘ull-_sib Parent-o_ﬁ”spririg
pairs pairs - - pairs pairs
0 0.500 0500 0.500 0.500
1 0.600 0.670 0.600 0750
2 0.727 0.762 0.717 0.875
3 0.791 - 0.826° . 0.734 0.938
4 0.843 0.868 0.742 . 0.969
5 0.878 0.899 .0.746 0934 -
6 0.905 . 0921 0.748 0.992
7 0.925 0.941 0.749 0.996
8 - 0.942 © 0949 0.749 0.998
9° 0954 0.960 0.749 £ 0.999

[ay
. ©

0.967 0.968 0.750 0.999

Note : O-th generation stands for random mating.

The results of full-sib pairs and parent offspring pairs under
parent-offspring mating in table 9 are fully in agreement with the
results given by George and Narayan [4] when k, the member of

[
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offspring - is one. Also the values of the correlations of parent-
offspring and full-sibs under full-sib mating in table 9 are in fully
agreement with values given by erght [12] when ¢=0,2,...10 (where
t is the number of generations).

4. CONCLUSION

Under full-sib matmg system the correlation table for full-sib
pairs and parent offspring pairs are comparatively difficult to
calculate. But in the case of parent-offspring mating system the
correlation table for the parent-offspring pairs can be easily calculated
from the cenditional probability matrix as given in relatxon (3) and
the correla’uon as given in relation (4).

Erom the table 9, one can easily observe that the correlation
increases as the number of generation increases and ultimately
reaches the limit unity when the number of generation increases
indefinitely large. It is interesting to observe that the parent-offspring
correlation is highef in magnitude than that of the full-sib correlation
under both the systems of madting, eventhough the correlation in all
the four cases are equal to 0.5 under random mating. The parent-
offspring correlation under parent-offspring mating increases at a
rapid rate than all the other three types of correlations even at the
first generation of parent-offspring mating and become almost unity
at the tenth generation.
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